Available online at www.sciencedirect.com
JOURNAL OF

SclENcE@DIRECT’ GmND
PHYSICS

ELSEVIER Journal of Geometry and Physics 56 (2006) 2177-2188

www.elsevier.com/locate/jgp

Review

Complete spacelike submanifolds with parallel mean
curvature vector in a semi-Riemannian space form

A. Brasil?, Rosa M.B. Chaves?, M. Mariano®*

A Departamento de Matemdtica, Universidade Federal do Ceard, Campus do Pici, Fortaleza - CE,
CEP 60455-760, Brazil
Y Instituto de Matemdtica e Estatistica, Universidade de Sdo Paulo, Rua do Matdo, 1010, Sdo Paulo - SP,
CEP 05508-090, Brazil
¢ Departamento de Matemdtica, Universidade Federal do Maranhdo, Campus do Bacanga, Sdo Luis - MA,
CEP 65085-580, Brazil

Received 15 May 2005; received in revised form 29 October 2005; accepted 23 November 2005
Available online 18 January 2006

Abstract

In this work we obtain a gap theorem for spacelike submanifolds with parallel mean curvature vector in
a semi-Riemannian space form.
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1. Introduction

Let N ;er (c¢) be an n-dimensional connected semi-Riemannian manifold of constant curvature
¢ whose index is p. It is called an indefinite space form of index p. A submanifold immersed
in N;—H’ (c) is said to be spacelike if the induced metric in M" from that of the ambient space

N;}ﬂ’ (c) is positive definite. Spacelike submanifolds usually appear in the study of questions
related to the causality in general relativity. More precisely, level sets of a function of global
time are spacelike submanifolds. Also, spacelike hypersurfaces with constant mean curvature
are convenient as initial hypersurfaces for the Cauchy problem in arbitrary space time and
for studying the propagation of gravitational radiation. Since Goddard’s conjecture (see [11])
several papers about spacelike hypersurfaces with constant mean curvature in de Sitter space
have been published (see [1,7,13,16-18,21,9]). We point out Aiyama’s result [2] proving that
a compact spacelike submanifold with parallel mean curvature vector and flat normal bundle
in de Sitter space Sf,+p (c) is totally umbilical. Alias et al. in [3] obtained also some rigidity
results for spacelike submanifolds with parallel mean curvature vector in pseudo-Riemannian

space forms N;J”7 + (c). Cheng [8], generalized the results obtained in [1] to complete spacelike

submanifolds in de Sitter space SZ+p (c). Li [15] extended Montiel’s result in [17] for complete
spacelike submanifolds with parallel mean curvature vector with two topological ends. Liu [14],
characterized the complete spacelike submanifolds M", with parallel mean curvature vector
satisfying H> = 4(n — 1)c/n* (¢ > 0) in de Sitter space S;L,er(c). He shows that M" is totally
umbilical, or M" is the hyperbolic cylinder in SZJ”D (c) or M has unbounded volume and positive
Ricci curvature. Recently, in [6], Baek et al., obtained an optimal estimate of the squared norm of
the second fundamental form for complete spacelike hypersurfaces with constant mean curvature
in a locally symmetric Lorentz space satisfying some curvature conditions and characterized
the totally umbilical hypersurfaces. In particular, semi-Riemannian space forms N;+p (c) are
examples of locally symmetric semi-Riemannian spaces.

In this paper we extend the last result to higher codimensional spacelike submanifolds with
parallel mean curvature vector in a semi-Riemannian space form N;er (c). Moreover we extend
also to spacelike submanifolds a gap theorem obtained by Brasil et al. in [7] for hypersurfaces.

In the context of submanifolds, there is a well known result of Ishihara (see [12]) that, for an
n-dimensional complete maximal spacelike submanifold M" immersed in N,’;ﬂ’ (c),ifc = 0,
then M" is totally geodesic and if ¢ < 0, then 0 < § < —npc. Thus, from now on we are going
to consider only the case H # 0.

Our result can be stated as:

Theorem 1.1. Let M" be an n-dimensional (n > 3) complete spacelike submanifold with
parallel mean curvature vector in an (n + p)-dimensional indefinite space form N,',H_p (c). Let
Ox)=(n— 2)2x +4(n — 1) and S denote the squared norm of the second fundamental form
of M.

(1) If H? < %c then ¢ > 0, S = nH? and M is totally umbilical.

Q) If H*> = 48(;%)@ then ¢ > 0 and either S = nH?* and M is totally umbilical or

— e 200
sup § = nc 00
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Q) If H*> > 48(;1% and ¢ < O, then either S = nH? and M is totally umbilical or

nH? <sup S < S*, where

Gt _ =2 H2[Q(p*) + pQ(p)
T 2n—=1) 2(n —2)

i |HI\ Q(p)H? — 4(n - 1)c> — npe.

@) If H*> > “g(—;;)c and ¢ > 0, then either S = nH? and M is totally umbilical or

S™ <supS < ST, where

o _ =2 (H[0(?) + pO(p)
T 2(n—1) 2(n —2)

] - |H|\/Q(p)H2 —4(n — 1)c> — npc.

(5) Suppose that 48&%% < H? < ¢, and that M"" is not totally umbilical. If sup S = S~, then
the supremum is attained at a point of M" if and only if the codimension p is equal to one
and M is an isoparametric hypersurface with two principal curvatures.

We observe that for the case p = 1 and ¢ = 1, item (1) is Akutagawa’s result in [1], item
(2) with an additional topological hypothesis is Montiel’s result [17], items (3), (4) and (5) are
exactly Theorem 1.3 of [7]. For the case p > 2 and ¢ = 1, as “(Q”T;;) < 4(’2—;1) item (1) is
contained in Cheng’s result [8].

We would like to point out that the case of compact surfaces was already studied by L.J. Alias
and A. Romero. They proved in [4] that the only compact spacelike surfaces in SIZ,J”” with parallel
mean curvature vector are the totally umbilical ones.

Many of the results recently obtained in the study of spacelike submanifolds with parallel
mean curvature vector in semi-Riemannian manifolds have been applications of the classical
Simon formula for the Laplacian of the length of the second fundamental form, suitably adapted
to the semi-Riemannian context. This approach works especially well in the case where the
normal bundle is Lorentzian. In particular this is our approach here. On the other hand, in [4] the
authors introduced a new method to study compact spacelike submanifolds with parallel mean
curvature in de Sitter spaces SZ *P with arbitrary signature 1 < g < p (see also [3] and [5]).
This other approach is based on the use of certain integral formulas with a very clear geometric
meaning, and it works well even in the case ¢ < p.

2. Preliminaries

Throughout this section we will introduce some basic facts and notation that will appear
in the paper. Let N;Z+p (c) be an indefinite space form and M" an n-dimensional complete

spacelike submanifold with parallel mean curvature vector in N;er (c). We choose a local field
of semi-Riemannian orthonormal frames ey, ..., ¢4 in N;}ﬂ’ (c) such that at each point of M",

e1, ..., e, span the tangent space of M". We use the following standard convention for indexes:
1<A,BC,...<n+p, 1<i,jk,...<n n+1=<aB,y,...<n+p.
Let @, ..., Wy4p be its dual frame field so that the semi-Riemannian metric of N,’ﬁﬂ’ (c) is
givenby ds? = Y, w? — > w2 = >, eaw?, where &; = 1 and g, = —1. Then the structure
equations of N, "7 (c) are given by

da)Az—ZSBa)AB/\a)B, wap +wpa =0, 2.1
B
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1
dosp = — Z Ecwac N wcp — 3 Z Kapcpwc N wp, (2.2)
C C.D
Kapcp = ceaep(8acdpp — 3aD8BC). (2.3)

Restricting those forms to M", we get
we =0, n+1<a<n+p, 2.4

and from Cartan’s lemma, we write

wai = ) hijj, ki = ;. @
7

Hence, we obtain the structure equations of M",

dwiz—Za)ij/\a)j, wij +wji =0, (2.6)
j
1
dw;j = —Zwik/\wkj - EZRiiklwk A oy, 2.7
k k.l
Rijrr = c(8ikdji — 8udju) — ) (h;?‘kh‘;, - ;?‘,h‘;k) : (2.8)
o

where R;jy; are the components of the curvature tensor of M" and
B:Zhaea =Zh;?3.w,-®wj®ea, (2.9)
o o

is the second fundamental form of M".

Let S be the squared norm of the second fundamental form of M", h denote the mean
curvature vector field of M" and H the mean curvature of M", that is,

h:%Z(Zh%)ea, H=lhl, S=) (h¥)
o i a,i,j

Remark 2.1. Here we are using definitions of H and $ following the works of Li (see [15]), and
Cheng (see [8]). But we point out that one could also use H = /—(h, h) and § = —(B, B), as
given by Ishihara [12], Alias and Romero (see [4]) and others.

The normal curvature tensor { Ry}, the Ricci curvature tensor { R} and the scalar curvature
R are expressed, respectively, as follows:

Rapi = = 3 (Wil = hisuht) 2.10)
m

Rik = (n = Dedig = ) (Zh%) i+ D ki @10
[ a,j

o

R=n(n—1c+(S—n*H?). (2.12)
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Define the first and the second covariant derivatives of {h?‘j}, say {h;?‘jk} and {h;?‘jkl} by
Y han = dhf =3 DS — Y hong — Y hf o, (2.13)
k k k B

D o =dhf =Y S omi — Y hEomi — Y o — thjkwﬁa. (2.14)
k m m m B

Then by exterior differentiation of (2.5), we obtain the Codazzi equation

By = B = h% (2.15)
and to get the following Ricci formula
g = he == B Rujr = > B Runita — Y hija,,kl. (2.16)
m m m
The Laplacian Ah?‘j of h?‘j is defined by Ahf‘j =Y h?jkk‘ From (2.16) we have
DI = by — D Ruiji = Y by Rk = D I R (2.17)
k m,k m,k B.k

Now, we assume that the mean curvature vector 2 of M" is parallel, that is, VLih =0, where
V1 is the normal connection of M" in N;ﬂ’ (c), and that M" is a complete spacelike submanifold

in NZﬂ’ (c). Since we are assuming H # 0, we can choose e¢,+] = % Hence

thki =0, want1 =0, HYH" = HnHHa, (2.18)
k

rH""'=nH, @wH*=0, a#n+1 and  Rptyaij =0 (2.19)

where H¢ denotes the matrix (h;.’;.). Let us define

o =R — Hy, B =h, aFEn+l (2.20)
Therefore
gpn-‘rl :Hn-‘rl —HI, @a:Ha’ ot;én—i-l, (221)

where &% denotes the matrix (@f‘j). Then

2

| 6"+ = ¢ (H”“) — nH?, (2.22)
2

Yo=Y (hg) : (2.23)

a#n+1 B#n+1

and
tr (¢%) =0, Ve (2.24)
Thus,
n+p

S = Z | §%|2. (2.25)

a=n+1
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By replacing (2.8), (2.10), (2.18) and (2.19) into (2.17) we get

AR = nehT —nHedi + Y bt i nf =23 mp il wl
B.k,m B.k,m
+ > WD o —nH Zh"“h”“ + Y Hh ol (2.26)
B.k,m B.k,m
and
AR = nchl 4+ Y ng hh hf =2 3 ngnh il
B.km B.k.m
D Wby —nH YR Y S,y b (2.27)
B.k,m m B.k,m
Since
—AS_ ZA(W)2 D OREARG + D (R
a i,j a,i,j a,i,j,k

from (2.26), (2.27) and (2.18) we have that

1
ZAS = Z (hz]k) +neS —n?cH? —nH Ztr(H”+](H°‘)2)
o

2 a,i, ],k
+ Z[tr (H*H"? + Z N(H*H? — HP H%) (2.28)
o, B o, f#n+1

where N(A) = tr (AA"), for all matrix A = (a;;).
Now we recall a fundamental property for the generalized maximum principle due to Omori
[20] and Yau [23].

Lemma 2.1. Let M" be an n-dimensional complete Riemannian manifold whose Ricci curvature
is bounded from below on M". Let F be a C-function bounded from below on M". Then, for
any &€ > 0, there exists a point p in M" such that

IVF(p)| <&, AF(p)>—e, infF+4+¢e> F(p),
where |V F| denotes the norm of the gradient of F and AF the Laplacian of F.

Recall also an algebraic lemma due to Okumura [19].

Lemma 2.2. Let p;, i = 1,...,n, be real numbers such that )", u; = 0 and )_; ,uiZ = p?
where = constant > 0. Then

n—2 ,335 ,U«3< n—2

== =2 3
e S e &2

and the equality holds in (2.29) if and only if at least (n — 1) of the ju; are equal to B,/ -5 or
(n — 1) of the numbers |; are equal to — ./ "n;l
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3. Some lemmas and the proof of Theorem 1.1

Since H # 0, from now on we are going to choose the orientation in order that H > 0. The
following polynomial was introduced in [17] for the case p = 1.

x2 nn—2) )
Py p(x) = — — ——==Hx +n(c— H"). 3.1
p nn—1)

We state without proof some elementary properties of Py p.

Lemma 3.1. Let Q(x) = (n — 22x +4(n — 1) and Py, p be the polynomial defined in (3.1).
Then:

(1) If H? < 4(Q"(;§)c, then ¢ > 0 and Py ,(x) > 0 for any x € R.

Q) If H? = 4(Q"(;§)c, then ¢ > 0 and the (double) root of Py j is

ot _ nin—2)p [ c
= Vo)
2
so that Py p(x) = (x - "("\;ﬁz)p /pr ) > 0.

3) If H> > 48( ;)c then Py p has two real roots ¥ and l?H given by

P T P Q(p)H? — 4(n — e
vy =p 20— 1) (n 2)H:t\/ »

19; is always positive; on the other hand, ¥y < 0 if and only if H 2> vy =0, ifand
only if H* =, and ¥y > Olfandonlylf 4(" l)c <H?<c

The symmetric tensor @ is definedby & = )"
Hence, from (2.25), we have that

i.j.a Pijwiwjeq, where &7 was given by (2.20).

S =|9|*+nH% (3.2)
We also need the following algebraic lemma, whose proof can be found in [22].

Lemma 3.2. Let A, B : R" — R" be symmetric linear maps such that AB — BA = 0 and
trA=trB=0.Then

2 n—2) 2 2
[tr (BA)"| < —mtrA Vtr B-.

The equality holds if and only if n — 1 of the eigenvalues x; of A and the corresponding
eigenvalues y; of B satisfy

1 1
trA%2 \2 tr B2 \2
= — d i|l=| —- s iy > 0.
il <n(n—1)) and |l (n(n—l)) =

The following lemma was obtained by Chaves and Sousa Jr. in [10], and their result is going
to appear in a forthcoming paper. The authors authorized us to present their proof here also, for
completeness.
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Lemma 3.3. Let M" be a complete spacelike submanifold with parallel mean curvature vector
in an indefinite space form N;er (c). Then the following inequality holds

|2 _ n(n=2)
nn—1)

%A|¢|2 > |¢|2< H|¢|+n(c—H2)>. (3.3)

Proof. Instead of using the second fundamental formula we will use the symmetric tensor ¢
defined above, since e¢;+1 = % is a parallel direction. From (2.20), we obtain also

(92, ) =t (H"™H? —nH?, |9 = Z(g;gj)z =S —nH? (3.4)
o,i,j
and
tr (H"™? =t (&) +3Hu (87, ) +nH. (3.5)

By replacing (2.20) and (3.5) in (2.28) we get

1
§A|¢|2 = Y (B +nc—HH OGP —nH Y tr(dp 1 8)
o

o,i,j,k
+ ) (B, Bp)* + Y N (B Bp — DpPy). (3.6)
a,B a,B

By applying a Lemma 3.2 to &, and &, we get

ltr (D41 €3] < mmmmﬁ
and so
St (B 82) < — |G, ll0 < 2 |af. 3.7)
Using the Cauchy—Schwarz inequality, it is easy to prove that
121 < p ) (tr(23)% (3.8)
o

It follows from (3.6)—(3.8) that formula (3.3) holds. This completes the proof of Simon’s type
inequality.
Consider the positive smooth function f on M" defined by

1

V1t o]

We have
V2 = 1 |A|®P? (3.9)
41493 '
and
1 A|D)? )
fAf = + 3|V £~ (3.10)

S 2(1+|02)?
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From (3.3) and (3.10), we have

—| o <|¢|2 n(n —2) 2) 2
Af<— —— " H|®|+nc—nH?|+3|VF]. 3.11
ff_(1+|¢|2)2 NI |9 [V fl (3.11)
Since tr H* = 0 and using formula (2.11),
Ric(e;) = (n — e — (r H"THH + Z(h"‘)2 (3.12)
a,j

Assume that the second fundamental form of M" with respect to e, has been diagonalized
so that the eigenvalues are kf“. Then we have

Ric(e;) > (n — 1)c — nHA" + Z (h”“)

n2H?
4

Hence the Ricci curvature of M" is bounded from below. Since M" is spacelike and f > 0,
we can apply Lemma 2.1 to the function f. Hence there is a sequence of points px in M”" such
that

= (n—De—nHT + Y2 > (n— e — (3.13)

lim f(pg) =inf f, lim |V f(pr)| =0, lim inf A f(pr) = 0. (3.14)
k—00 k—00 k— 00

From (3.13), we have inf(f) # 0, so limy_, o0 | ®|?(px) = sup | P|> < oc.
By replacing (3.14) into (3.11) we get

sup |9 (sup|45|2 n(n —2)
(14 sup |®|?)? p n(n—1)

Inequality (3.15) shows that sup | #|> < oc.

Proof of Theorem 1.1. We first observe that Q(p) = (n —2)>p +4(n — 1) > 0.

(OIf H? < 4(Q"(pl)c then ¢ > 0 and

Hsup|®|+n(c— H )) (3.15)

sup | 9| nn—2)
Py p(sup | D)) = — Hsup|¢|+n(c—H ) > 0. (3.16)
p nin—1)
Hence, from (3.15), we have, sup|§15|2 = 0. Then |®|> = 0 and from (3.2), S = nH?2, which
asserts that M" is totally umbilical.

Q) If H? = 4<Q”(p”c then ¢ > 0 and

nn—2)p c\
Py p(sup | P|) = <SuP|¢| - n /;p)) =0

2
If (sup|q5| - %“)1’ /Q+p)) > 0, from (3.15) we have, sup |®|? = 0, that is | |2 = 0 and

M" is totally umbilical. If sup | #| = n(n\;;lz)'n Q(Cp), from (3.2) we have that sup S = nc QQ((‘":)).

3 If H?> > %c, we have that

Py p(sup | D)) = (sup | @] — &) (sup | D] — D).
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If ¢ < 0 we infer that 5, < 0. Therefore, from (3.15) we have, sup | ®|? = 0, in this case
M" is totally umbilical or 0 < sup | ?| < 19;. Hence, from (2.25) we obtain n H2 < supS < ST
where

o+ _ =2 <H2 [0 + PO (p)

] 2
= 2= 1) 20— 2) +H\/Q(p)H —4(n — I)c | —npc.

(4) Suppose that H? > %c and ¢ > 0. If H > ¢, then ¥y < 0 and from (3.15) we obtain

sup | ®|% = 0, in this case M" is totally umbilical or 0 < /sup | ®|2 < 19;.
When 4(Q”(;;)c < H? < ¢ we infer that g > 0. In this case, ¥ < sup| P < 19;. Therefore,
from (2.25) we have that S~ < sup S < ST, where

) (H2 [2(p?) + pO(p)

] )
T ror— s~ H Q) H? — 4n — e ) — npe.

(5) If supS = S7, then sup|P| = V. As 48(;;% < H? < ¢ we infer that ¥y > 0and
|®| < 5. Since the graph of Py p is a parabola opening upwards, we have Py (]9]) > 0 for
each | @] < 9. This fact and (3.3) imply A| |2 > 0, i.e., | P|? is subharmonic function.

By inequality (3.15) and using that sup | §| = 1;, we get

sup |92 n(n—2)
Jnn—=1)
By hypothesis, sup | ®|? is attained at some point of M, so we can apply the maximum

principle to show that | |2 is constant. Actually, |02 = sup|<l5|2 = ¥, and Eq. (3.17) can
be rewritten as

0> sup|q5|2( Hsup|gb|+n(c—H2)) =0. (3.17)

2 _
0= L1102 > |g25|2<'4SI _ =2 H|q5|+n(c—H2)> —0. (3.18)
2 nn-—1)
Then
2 _
lA|45|2=|¢5|2<|(‘15| _ =2 H|<p|+n(c—H2)>=0 (3.19)
2 nmn—1)

which means that equality holds in (3.3). As formulas (3.6)—(3.8) were crucial to proof (3.3),
equality holds in formula (3.3) if and only if it holds in (3.7) and (3.8). More precisely,
inequalities (3.7) and (3.8) turn into:

|o" | 9)? = | 9], (3.20)

and
2 = p Y () = p Y (1972) (3.21)

Note that |@|?> is a smooth function bounded from above on M" so we can apply again
Lemma 2.1 to the function | #|?. Therefore, taking subsequences if necessary, we get a sequence
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(px) in M" such that
lim |@*(py) = sup | $|> = (sup | 2])*;
k— 00
lim V| &*(p) = 0; (3.22)
k—o00

lim sup A|®|>(py) < O.
k— 00

Since | $|? = ZZZ‘ZH |%|> < sup | ®|> = ¥, < oo, we have also that

lim |9%|(pr) = Coyx =+ 1, (3.23)
k—o00

where C, are constants.
By (3.20) we obtain

tim (10" 02) (po) = lim |0 (po). (3.24)
k—o00 k—o00
On one hand, by (3.21) and (3.24) we get

Cns1 (sup | B])* = Cpy1sup | > = sup | B]* = (sup | &])°, (3.25)

which implies that C,,11 = sup |®| > 0, since M" is not totally umbilical.
On the other hand, using (3.22) once more, (3.21) and again (3.23), we obtain

(sup1#2)” = tim 1240 = Jim p 3" (19°P) (o = p 32 (3.26)
o o

In view of (3.26), we get (p—1)Cyy, | +p ZZ:;LZ C4 = 0. Thus if p > 2, as all the constants
C, are non-negative, we infer that 0 = C,, 41 = sup|®|. This contradiction shows that p = 1,

which finishes the proof of the Theorem. O
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